In a previous study, the two nitrifying functions (ammonia oxidizing bacteria (AOB) or nitrite-oxidizing bacteria (NOB)) of a nitrification reactor-operated continuously over 525 days with varying inputs-were assigned using a mathematical modeling approach together with the monitoring of bacterial phylotypes. Based on these theoretical identifications, we develop here a chemostat model that does not explicitly include only the resources' dynamics (different forms of soluble nitrogen) but also explicitly takes into account microbial inter-and intra-species interactions for the four dominant phylotypes detected in the chemostat. A comparison of the models obtained with and without interactions has shown that such interactions permit the coexistence of two competing ammonium-oxidizing bacteria and two competing nitrite-oxidizing bacteria in competition for ammonium and nitrite, respectively. These interactions are analyzed and discussed.
Introduction
The well-known "competitive exclusion" principle states that, at equilibrium, the number of coexisting competing species cannot exceed the number of growth-limiting resources available to them [1, 2] . However, in natural systems, the number of coexisting species often exceeds the number of limiting resources [3] . This phenomenon is often referred to as the "paradox of the plankton" [4] . Theoretical and experimental studies of a chemostat with time-invariant operating conditions have shown that two microbial populations in competition for a single substrate cannot coexist: the slower-growing species in the given operating conditions will be washed out [5] . In such a case, coexistence is predicted theoretically for discrete values of the chemostat dilution rate only when the curves of the specific growth rate, as a function of limiting nutrient concentration, cross. The dilution rate must have exactly the value at which the specific growth rates of the two populations in the chemostat are equal. However, this type of coexistence is structurally unstable and cannot be realized in practice because of random fluctuations in the chemostat dilution rate and in the physico-chemical parameters. To bridge the gap between mathematical theory and real life, a variety of mathematical models have been developed over recent decades. In all such models, assumptions about the idealized chemostat have been modified (cf. for instance [6] [7] [8] [9] [10] ). Some studies have relied on non-equilibrium conditions to promote species diversity by preventing competitive equilibrium. One such example is the variability in resource supply ratios: when nutrients were supplied to the chemostat in pulses, oscillations in the abundance of species prevented the establishment of competitive equilibrium and permitted the coexistence of a greater number of species than the number of growth-limiting resources [11, 12] . In the same way, some studies have explained coexistence in chemostats by the heterogeneity of the medium or by variations in solid retention times [8] while others have considered abundances) of the bacteria present in the chemostat were made by Single Strand Conformation Polymorphism. In a previous work, using an original mathematical approach, a functional community assignation (i.e., in AOB or NOB community) was performed for each phylotype detected in the chemostat [30, 31] . In the present work, a microbial interaction model is optimized on the kinetics of the two most abundant phylotypes of each functional community. In this way, we obtain a virtual web of interactions linking four different species present in the nitrifying community. The results obtained in this way show that the web of interactions can prevent competitive exclusion and can explain the coexistence of the phylotypes as observed through the available measurements realized on the nitrifying chemostat as predicted in [26, 27] .
Materials and Methods

Nitrifying Chemostat Conditions
The experimental set-up operated over two years consisted of two continuously-mixed 6.5 L (working volume) all-glass chemostats inoculated beforehand with activated sludge from the municipal sewage treatment plant of Coursan (Aude, France). The air flow-rate was maximum in order to ensure good fluidization and provide enough oxygen which was never limiting for the nitrification process; the pH was measured and maintained at around 7 by the automatic addition of an alkaline solution. Both chemostats were fed with a synthetic mineral medium composed of ammonium sulfate (its concentration varying from 0.5 to 2 g·L −1 ) as the nitrogen source, complemented with a mineral solution.
Microbial Community Measurements
During the experiments which lasted 525 days, two kinds of population measurements were made: the first was the determination of the total biomass present in the chemostats; the second consisted of the determination by Single Strand Conformation Polymorphism (SSCP) of the abundances of the different species contained in the total biomass. Except for some well-identified periods, the experiment was run in duplicate and both chemostats behaved similarly. For this reason, in the present study we concentrate on the results obtained from only one device (the chemostat denoted as "chemostat B" in [31] ). The main results of this monitoring-on average over the 525 days of experiments-were (i) 40% of the total biomass was represented by the most abundant AOB; (ii) the most abundant NOB represented less than 10% of the total biomass; (iii) the two most abundant AOB and the two most abundant NOB represented more than 55% of the total biomass.
Model Development
The model developed in this study is based on mass balance equations for a conventional, completely-mixed chemostat initiated from the pioneering work of Monod and of Novick and Szilard (cf. [32, 33] ). It is described by the following set of differential equations:
where the dot above a letter stands for the time-derivative, S and X represent the concentrations of nutrient (or substrate) and biomass, respectively. S in denotes the concentration of the nutrient in the input flow, with dilution rate D. The function µ(S(t)) is the growth rate of the population and the yield factor is Y. Thereafter, to simplify the notations, the time-dependence of variables is often omitted. This standard dynamic model of a chemostat can be extended easily to a 2-step nitrifying bioprocess as follows:
where X A and X B represent the concentrations of AOB and NOB respectively, while µ A (S 1 ) and µ B (S 2 ) are the growth rates of X A and X B , respectively. As suggested in [31] , they are supposed to be Monod functions and are thus written as µ A (S 1 ) = µ max1
. From this point onwards, this model will be referred to as "model #1". This nitrifying chemostat model can then be modified as follows to take into account microbial interactions:
where a ij represents the influence of the species j on the growth rate of species i. This influence can be positive, negative or nil according to the sign and the value of a ij . From this point onwards, this last model, including intra-and interspecific interaction terms, will be referred to as "model #2". This interaction coefficient structure (a ij ) corresponds to that of the well-known Lotka-Volterra model which is a widely used model in general ecology. Our model differs from the classic Lotka-Volterra model in that it is coupled to a mass-balance model (the classic chemostat model) which includes resource dynamics. Because linear systems are easier to identify, using a linear "species by species" relationship allows a simpler way of predicting species interactions. However, in doing so, the influence of resource density is neglected. An example of the use of such an interaction coefficient structure to describe microbial interactions within a cheese microbial community is given in [34] . It should also be noted that, for a given species j, the interaction terms are assumed to be constant. We are aware that this assumption may be questionable from a purely biological point of view. However, as explained in the next section, only the sign of interactions will finally be characterized. Said differently, we rather characterize the distributions in which these parameters live, instead of their precise values.
Identification of the Parameters of Microbial Interaction
The parameters of model #1, optimized to match experimental data in [31] are recalled in Table 1 . The identification of microbial interactions was done with the help of the model #2 described by Equation (3) . To do so, we have kept only the two major species of each group: recall the four most abundant phylotypes (two AOBs and two NOBs) represented about 55% of total biomass. In order to ensure a viable compromise between the complexity of the model (notably the number of parameters to be identified) and the capability of optimization algorithms to converge within a reasonable computing time, only two phylotypes in competition for one of the two substrates S 1 or S 2 , were studied for each of the two nitrifying functions, thus considering only four species in total.
Considering the model described by Equation (3) with n A = n B = 2, there still remains a large number of parameters to be identified (interaction parameters between the four considered species, that is to say 16 parameters, plus the degrees of freedom of the kinetics, representing eight additional parameters, thus a total of 24 parameters). To minimize this number, we adopt, in the present study, a kind of "neutral" hypothesis in considering that within a function, all the species exhibit identical kinetics and that the only difference in growth was due to their interaction. This assumption can be justified taking into account the following arguments. Without interactions, considering the same growth rates for either AOBs or NOBs, all species would exhibit exactly the same dynamics: their coexistence would be "guaranteed" (of course assuming that initial biomass concentrations are nonzero). However, it is not what is observed in practice (cf. the data we use from [31] : we will come back on these data later on but it will be clearly shown that the dynamics of AOB1 and AOB2, and of NOB1 and NOB2, are significantly different). Now, with different growth rates and again no interactions, the competitive exclusion principle applies and coexistence is simply not possible. Again, it is actually not what is observed in practice. In other terms, the kinetics associated with each species-the rate at which species i consumes its main limiting resource-should be considered to be modulated by interactions.
Referring to model #2 and assuming we assign i = 1 and 2 for AOB1 and AOB2, respectively, and i = 3 and 4 for NOB1 and NOB2, respectively, we have:
Thus, instead of 24, we are now left with 20 parameters needing identification. Using model #1 as a "provider" of data (by simulation) for model #2, the identification of the interaction parameters of model #2 can now be framed in terms of an optimization problem, as follows: find the parameters of µ i | i=1..4 under the constraints (4) and the interaction parameters a ij such that the outputs of model #2 match the simulated outputs of model #1 (S 1 , S 2 , S 3 and X T = X A + X B = AOB 1 + AOB 2 + NOB 1 + NOB 2 ). This optimization problem can be reformulated as follows: find the parameters of µ i | i=1..4 under the constraints (4) and the interaction parameters a ij in the model #2 such that:
To insist on the fact that these constraints must hold for all t, we included the time-dependance of variables. For this problem, we used the Sum of Square Residuals (SSR) criterion consisting of the sum of the squared difference of the terms on the left and the terms on the right in the previous expressions- (5) and (6)-over the considered 525 days of experiments.
To solve this problem, we adopted a Monte-Carlo-like approach (cf. Appendix A):
• First, we randomly ran 2000 optimizations (using more did not improve the results (i.e., did not enable us to further decrease the final confidence intervals computed for each identified parameter) with different initial conditions for the parameters to be estimated (all unknown parameters in the right-hand terms of the above equations). In other terms, we identified all the parameters with different initial conditions 2000 times;
•
In a second step, we have proceeded to a statistical analysis of the results, keeping only the best sets of optimized parameters that are the sets for which the SSR was, at most, 5% greater than the best solution over the 2000 optimizations. Instead of keeping only the best one, we proceeded in this way for two reasons: (i) The problem to be solved is complex, notably because the model is nonlinear and the number of unknowns is high. Thus, we did not necessarily obtain the same parameter values for each of the 2000 optimizations. In other words, the problem we consider here is said to be "non-identifiable". It means that, given the structure of the model considered, a unique set of parameters cannot be found from the available data. In other words, there exist "hidden relationships" between parameters-possibly nonlinear-which prevent the optimization algorithm from converging towards a unique global minimum and, consequently, from delivering a unique set of optimized parameters (cf. for instance [35] or [36] for more information about this concept); (ii) in the results, either the parameters are centered around 0 with a large standard deviation (indicating either no interaction between the corresponding species or an undetermined interaction) or the signs of the identified interactions are always the same whatever the sets of optimized parameters considered and, thus, the proposed statistical analysis of the results to obtain qualitative insights about microbial interactions in the ecosystem is considered without considering precise parameter values. In the sequel, this procedure will be referred to as a "Monte-Carlo-like" approach; • Finally, following the procedure described above, 520 sets of optimized parameters over the 2000 runs were kept and analyzed. The results are presented and discussed in the following sections.
Remarks
• An important question that may arise is the following: Why are outputs of the model #1 used in the optimization problem (in the evaluation of the left-hand terms of (5) and (6)) rather than experimental data available in [31] ? The essential reason is that experimental data are corrupted by noise. It is well known in system identification that, by definition, noise is not informative. Since the problem posed here is very sensitive to data (recall, in particular, that the problem is non-identifiable), it is better to use noise-free data [35, 36] . Here, completely noise-free data generated with the simulation of model #1 (itself optimized with respect to real data in Dumont's work, cf. [31] ) were used instead of using real data.
•
As noted before, the sum of the four species considered within model #2 represented on average about 55% of the total biomass in the experiments published in [31] . For practical purposes, before proceeding to parameter identification, the relative abundances of these four species were re-normalized in such a way that their sum equaled the total biomass as measured in the experiments. In other words, considering that model #2 (which describes the dynamics of four species) is equivalent to saying that the two biological reactions involved are now only attributable to these four species and that the remaining detected species (41 − 4 = 37 in the data considered over the 525 days of experiments) are simply ignored.
• Finally, another question that may be posed is related to the parameter identification results. One may ask whether a solution to the optimization problem should be to fix all interaction parameters to zero or not. In fact, this solution cannot give a better fit than any other because there is no reason to have X A = X 1 + X 2 and X B = X 3 + X 4 . In other terms, individual concentrations of the four AOBs and NOB species are taken explicitly into account in the criterion used to fit model #2 parameters while only the total biomass concentration was considered in the optimization criterion to optimize model #1 parameters. Since the criterions are different, model parameters (i.e., interaction terms) are tuned so that the differences between the two sides of Equations (5) and (6) are minimized.
A schematic representation of the procedure followed in this study is presented in the appendix.
Results
Coexistence of 2 + 2 Species on 1 + 1 Growth-Limiting Resources by Microbial Interaction
The distribution of the parameter values (interactions and kinetics parameters) over the 520 optimized parameter sets are plotted in Figure 1a -e. As shown in these figures, most parameters are randomly distributed around mean values following Gaussian-like distributions while others present bimodal distributions. In addition, even if their precise values are not informative (for the identifiability reasons we mentioned above), it should be noted that the intervals in which the mean values of the kinetics parameters (cf. distributions in Figure 1e and mean values reported in Table 2 ) live appear to be in accordance with those reported in the literature (cf. [37] ). Table 2 . Kinetics parameters of model #2.  Finally, another question that may be posed is related to the parameter identification results. One may ask whether a solution to the optimization problem should be to fix all interaction parameters to zero or not. In fact, this solution cannot give a better fit than any other because there is no reason to have XA = X1 + X2 and XB = X3 + X4. In other terms, individual concentrations of the four AOBs and NOB species are taken explicitly into account in the criterion used to fit model #2 parameters while only the total biomass concentration was considered in the optimization criterion to optimize model #1 parameters. Since the criterions are different, model parameters (i.e., interaction terms) are tuned so that the differences between the two sides of Equations (5) and (6) are minimized.
Results
Coexistence of 2 + 2 Species on 1 + 1 Growth-Limiting Resources by Microbial Interaction
The distribution of the parameter values (interactions and kinetics parameters) over the 520 optimized parameter sets are plotted in Figure 1a -e. As shown in these figures, most parameters are randomly distributed around mean values following Gaussian-like distributions while others present bimodal distributions. In addition, even if their precise values are not informative (for the identifiability reasons we mentioned above), it should be noted that the intervals in which the mean values of the kinetics parameters (cf. distributions in Figure 1e and mean values reported in Table 2 ) live appear to be in accordance with those reported in the literature (cf. [37] ). Tables 2 and 3 present the mean values for the microbial interaction parameters together with the kinetics parameters identified. Table 3 . Mean values of interaction parameters of model #2 ("B" stands for "bimodal distribution", the sign of the interaction being specified by B/+ or B/−). Concerning its main outputs, the interaction model presents a very good fit with the simulated data obtained from model #1 (cf. Figure 2) . Table 3 . Mean values of interaction parameters of model #2 ("B" stands for "bimodal distribution", the sign of the interaction being specified by B/+ or B/−). Concerning its main outputs, the interaction model presents a very good fit with the simulated data obtained from model #1 (cf. Figure 2) . Table 1 for model#1 and Table  4 for model #2, the mean values over the 520 values were used as well for parameters with bimodal distributions). XA, XB, S1 (a negative part for the y-axis was considered for clarity), S2 and S3 concentrations from the top to the bottom, predictions of model #1 in red crosses, predictions of model #2 in green where XA = X1 + X2 and XB = X3 + X4.
optimization: (a)
As explained in the Materials and Methods section, we can compare the experimental data and the predictions for the dynamics of AOB1, AOB2, NOB1 and NOB2 that can be simulated using model #2. However, notice that the behavior over time of these species, e.g., the concentrations of these species, may vary depending on the sets of interaction and kinetics parameters identified. Indeed, recall that the best 520 parameter sets have been kept for the statistical analysis of results. All Table 1 for model#1 and Table 4 for model #2, the mean values over the 520 values were used as well for parameters with bimodal distributions). X A , X B , S 1 (a negative part for the y-axis was considered for clarity), S 2 and S 3 concentrations from the top to the bottom, predictions of model #1 in red crosses, predictions of model #2 in green where X A = X 1 + X 2 and X B = X 3 + X 4 .
As explained in the Materials and Methods section, we can compare the experimental data and the predictions for the dynamics of AOB1, AOB2, NOB1 and NOB2 that can be simulated using model #2. However, notice that the behavior over time of these species, e.g., the concentrations of these species, may vary depending on the sets of interaction and kinetics parameters identified. Indeed, recall that the best 520 parameter sets have been kept for the statistical analysis of results. All permit a good fit with the outputs of both models #1 and #2 (otherwise, they would not have been kept after the parameter identification process) while predicting different individual behavior for the two AOB and the two NOB species. In other words, the set of optimized parameters is not unique and one may only compare simulations of model#2 using a particular set of parameters among the 520 sets that have been kept for the statistical analysis. Such a specific set is given in Table 4 . The predictions of model #2 using this specific set of parameters together with the experimental data presented in [31] , are plotted in Figure 3 . Because of the uncertainty of measurements, it is clear that only the qualitative behavior of these simulation results should be considered within the context of the actual work.
permit a good fit with the outputs of both models #1 and #2 (otherwise, they would not have been kept after the parameter identification process) while predicting different individual behavior for the two AOB and the two NOB species. In other words, the set of optimized parameters is not unique and one may only compare simulations of model#2 using a particular set of parameters among the 520 sets that have been kept for the statistical analysis. Such a specific set is given in Table  4 . The predictions of model #2 using this specific set of parameters together with the experimental data presented in [31] , are plotted in Figure 3 . Because of the uncertainty of measurements, it is clear that only the qualitative behavior of these simulation results should be considered within the context of the actual work. Table 4 ) and measurements of species abundances for AOB1, AOB2, NOB1 and NOB2 (which correspond to peaks 38, 35, 5 and 9 from [31] , respectively).
Whatever the species considered, it should be noted that the models with interactions always better fitted data than the predictions of the same models in which interactions were fixed at 0. This result can easily be understood given that a model with more tuning parameters than another should be able to deliver better predictions. In addition, from an ecological point of view, when microbial interactions are not considered (fixed to 0), the model does not allow the coexistence of 2 + 2 species on 1 + 1 growth-limiting resources as predicted by the theory of the chemostat. Yet this coexistence was observed in practice (cf. the measurements of species abundances reported in [31] or in Figure 3 here above). The divergence between experimental data and estimates of the models between t = 375 days and t = 430 days for the AOB2 can be explained by a washout of the chemostat in reaction to the increase in the flow rate made on t = 337 days which was already mentioned in [31] . Table 4 ) and measurements of species abundances for AOB1, AOB2, NOB1 and NOB2 (which correspond to peaks 38, 35, 5 and 9 from [31] , respectively).
Web of Microbial Interactions
Whatever the species considered, it should be noted that the models with interactions always better fitted data than the predictions of the same models in which interactions were fixed at 0. This result can easily be understood given that a model with more tuning parameters than another should be able to deliver better predictions. In addition, from an ecological point of view, when microbial interactions are not considered (fixed to 0), the model does not allow the coexistence of 2 + 2 species on 1 + 1 growth-limiting resources as predicted by the theory of the chemostat. Yet this coexistence was observed in practice (cf. the measurements of species abundances reported in [31] or in Figure 3 here above). The divergence between experimental data and estimates of the models between t = 375 days and t = 430 days for the AOB2 can be explained by a washout of the chemostat in reaction to the increase in the flow rate made on t = 337 days which was already mentioned in [31] .
On the basis of the identified microbial interactions model, we can build a web of microbial interactions linking the different phylotypes with their mean values as reported in Table 3 .
Over the network of 16 interactions contained in the model #2, six are positive and eight are negative (cf. Figure 4) . Only two almost-null interactions emerge. Concerning interactions between both AOB, neither competition nor facilitation was highlighted. However, strong intra-specific facilitation appears for the second AOB with a 22 = +0.47. These two ammonium-oxidizing phylotypes exercise interactions of both facilitation and competition with both of the nitrite-oxidizing phylotypes. However, a stronger, mostly negative interaction (a 24 = −6.36, a 34 = −1.23 and a 14 = +4.81) of all bacteria with NOB2 is to be noted which seems to be compensated for by a strong intra-specific relationship of NOB2 with itself (a 44 = +3.26/Bimodal distribution). Concerning interactions between the two nitrite-oxidizing phylotypes, NOB1 imposes a high negative interaction on NOB2 (a 34 = −1.23) while NOB2 forces a moderately negative relationship on NOB1 (a 43 = −0.84). A moderate intra-specific competition appears for NOB1 (a 33 = −0.18/Bimodal distribution) whereas a high intra-specific facilitation appears for NOB2 (a 44 = +3.26). Concerning the type of interactions which maintain NOB in relation to AOB, a supplementary "balanced structure" appears. Indeed, if we take into account only the signs of interaction, there are as many positive as negative interactions. Whereas NOB1 presents fairly positive interactions with AOBs (a 31 = +0.44 and a 32 = +0.11/Bimodal distributions), NOB2 seems to interact rather negatively with AOBs (a 41 = −0.67/Bimodal distribution and a 42 = −0.35).
The actual results underline positive interactions only from AOB1 to NOB2 and AOB2 to NOB1 (cf. Figure 4) . However, in the same time, negative interactions were observed between AOB1/NOB1 and AOB2/NOB2. In addition, competition was not observed between AOBs, whereas there was strong competition between NOBs. Table 3 .
Over the network of 16 interactions contained in the model #2, six are positive and eight are negative (cf. Figure 4) . Only two almost-null interactions emerge. Concerning interactions between both AOB, neither competition nor facilitation was highlighted. However, strong intra-specific facilitation appears for the second AOB with a22 = +0.47. These two ammonium-oxidizing phylotypes exercise interactions of both facilitation and competition with both of the nitrite-oxidizing phylotypes. However, a stronger, mostly negative interaction (a24 = −6.36, a34 = −1.23 and a14 = +4.81) of all bacteria with NOB2 is to be noted which seems to be compensated for by a strong intra-specific relationship of NOB2 with itself (a44 = +3.26/Bimodal distribution). Concerning interactions between the two nitrite-oxidizing phylotypes, NOB1 imposes a high negative interaction on NOB2 (a34 = −1.23) while NOB2 forces a moderately negative relationship on NOB1 (a43 = −0.84). A moderate intra-specific competition appears for NOB1 (a33 = −0.18/Bimodal distribution) whereas a high intra-specific facilitation appears for NOB2 (a44 = +3.26). Concerning the type of interactions which maintain NOB in relation to AOB, a supplementary "balanced structure" appears. Indeed, if we take into account only the signs of interaction, there are as many positive as negative interactions. Whereas NOB1 presents fairly positive interactions with AOBs (a31 = +0.44 and a32 = +0.11/Bimodal distributions), NOB2 seems to interact rather negatively with AOBs (a41 = −0.67/Bimodal distribution and a42 = −0.35).
The actual results underline positive interactions only from AOB1 to NOB2 and AOB2 to NOB1 (cf. Figure 4) . However, in the same time, negative interactions were observed between AOB1/NOB1 and AOB2/NOB2. In addition, competition was not observed between AOBs, whereas there was strong competition between NOBs. Table 3 ), respectively.
Discussion
Monitoring over two years the population and functioning of a nitrifying chemostat under time-varying environmental conditions highlighted the coexistence of numerous species in a culture fed with ammonium as the nitrogen source. The data acquired indicate that, throughout the period Table 3 ), respectively.
Monitoring over two years the population and functioning of a nitrifying chemostat under time-varying environmental conditions highlighted the coexistence of numerous species in a culture fed with ammonium as the nitrogen source. The data acquired indicate that, throughout the period of the study, there occurred rapid, significant shifts in the structure of bacterial population. A comparison with the experimental data of the two proposed models-with and without microbial interactions-has shown that microbial interactions lead to the coexistence of a greater number of species than predicted by the classical chemostat model in which the competitive exclusion principle applies. In macrosystem ecology, several models have been presented that represent intra-and inter-species interactions in food webs (cf. [15] ). The most frequently-used model is the multispecies Lotka-Volterra. For a given species, it is based on a linear relationship between its growth rate parameters and the population of each member of the community. For instance, with respect to real data, this model has been used to describe microbial interactions within a cheese microbial community [34] . In the present study, we combined this interaction coefficient structure (a ij ) with a classic model of a nitrifying chemostat. To the best of our knowledge, it is one of the first models of microbial ecosystems which tries (i) to integrate the dynamics of several interacting bacterial in the chemostat and (ii) tunes its parameters to match data together with the modeling of functions (here, nitritation and nitratation). To date, the prime focus of predator-prey models has been applied to models describing food webs in which non-trophic interactions, such as competition, facilitation and biotic disturbance, have been largely ignored [15] . Because food web models focus-by their very nature-exclusively on trophic interactions, they assume implicitly that predation is the most important process regulating community structure and dynamics. Moreover, while models of complex food webs incorporate only competition among species, they generally ignore any form of resource competition among the species (cf. [38, 39] ). This can be explained by the fact that, in food webs, nutrients flow via trophic links and, for this reason, trophic interactions have a fundamental character due to the principle of mass conservation.
Concerning the "competitive exclusion principle" (i.e., the "paradox of the plankton"), a variety of mathematical models have been proposed over recent decades, as underlined in the introduction. However, once again, intra-as well as inter-specific interactions have not been taken into consideration and in all such models, the assumptions about an idealized chemostat have been modified to permit coexistence [10] . Some studies have relied on non-equilibrium conditions to promote species diversity by preventing competitive exclusion. Examples include variability in resource supply ratios. When nutrients were supplied to the chemostat in pulses, oscillations in the abundance of species prevented competitive equilibrium from occurring and led to the coexistence of a greater number of species than the number of growth-limiting resources (cf. [11, 12] ). The only recent theoretical study that does not contradict the competitive exclusion principle and, at the same time, permits what has been called "practical coexistence" with neither variations in the environment nor any interaction through species or foodweb is [25] . In this study, it is the diversity itself-which is considered to be high, as observed in most microbial natural ecosystems-which creates the conditions under which the system can allow species coexistence over an arbitrarily long period of time as long as growth rate functions for each species are close enough. Their conclusions were that possibly we observe ecosystems that are never close to an equilibrium. Some other studies explain coexistence in a chemostat by variation in solid retention times [8] . Only a very small number of studies have taken an interest in microbial interactions. In [10] , Hebeler et al. explained coexistence in the chemostat as a result of metabolic by-products. In their study, they found experimental evidence for a specific metabolic property of Staphylococcus aureus which produced acetate (a by-product). In a mixed culture, this can have an activating effect (as a secondary substrate) as well as an inhibiting effect (by reducing pH) on the other species. In [12] , it is shown, using a modeling study, that the number of coexisting species may exceed the number of limiting resources when internal system feedbacks induce oscillations and chaos. This occurs if the species displace each other in a cyclic fashion. However, this can be considered as a very rare phenomenon-for not saying singular-since it requires a very precise parameterization of the parameters of community members [7] . Nevertheless, few authors have considered interactions empirically and directly in microbial ecology, even though a long history of experimental and theoretical ecology has elucidated how predation interacts with other non-trophic processes-including interference competition, facilitation, disturbance, environmental stress, productivity and recruitment-to regulate species distribution and abundance (cf. [40, 41] ). Finally, the microbial interaction model proposed here makes it possible to obtain a virtual web of interactions linking the main species present in the ecosystem of interest. It appears that we have underlined a "balanced interacting-structure model" in the sense that there are as many positive as negative interactions in the virtual web.
The experiments reported in [31] in the chemostat clearly show the coexistence of bacteria performing the same function (41 phylotypes observed) for a long period (525 days). These results can be compared to those presented in [42] . These authors considered a two-competitor/one prey model and explained the coexistence of the two competitors by density-dependent mortality for one of the two species. The interaction web also shows preferential "couples" or "pairs" of micro-organisms (AOB1/NOB2 and AOB2/NOB1) that are not "interchangeable" (AOB1/NOB1 and AOB2/NOB2) and which exhibit negative interactions. With a model built at a population level, it is obviously very difficult to interpret biologically direct interaction terms a ij . However, an example of a configuration in which such interactions could develop is as follows. Consider-for some unknown reason-that AOB1 and NOB1, on the one hand, and AO2 and NOB2, on the other hand, develop specific interactions (for instance in forming "bi-specific" flocs). Because of their proximity, AOB1 and NOB1 (resp. AOB2 and NOB2) could develop specific biotic interactions while each pair would now be in competition with the other. If such an explanation remains highly speculative, it is not inconceivable that such interactions are developing in a complex natural ecosystem.
There is no competition for NH4 + between AOBs. Unfortunately, some interactions, such as NOB2/NOB2, as well as the low abundance of NOBs compared to AOBs, often underlined in the literature, cannot be explained.
In conclusion, we developed a new model of nitrifying chemostat to study the interactions within two functional groups of four species: two AOBs and two NOBs. The network of virtual interactions obtained can explain the coexistence of these 2 + 2 species on 1 + 1 growth-limiting resources. Of the perspectives deriving from this work, one could design other more complete models including multiple functional groups of organisms, such as nitrifying and denitrifying heterotrophs, phosphorus-accumulating organisms, etc. In addition, this study focused on the effects of interactions within a single trophic level (bacteria). Effects of the presence of higher trophic levels, for instance predation by virus or protozoa, could also be considered. However, in all these cases, a number of issues, including the identification of a large number of model parameters, need to be dealt with from a theoretical viewpoint before such more complicated models can be developed. 
